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Abstract
The role of topology in the perturbative solution of the Euclidean Ein-
stein equations (EEEs) about flat instantons is examined. When the
topology is open (with asymptotically flat boundary conditions) it is
simple to demonstrate that all vacuum perturbations vanish at all or-
ders in perturbation theory; when the topology is closed (a four-torus
say) all but a 10-parameter family of global metric deformations (mov-
ing us from one flat torus to another) vanish. Flat solutions, regardless
of their topology, are perturbatively isolated as solutions of the EEEs.
The perturbation theory of the complete Einstein equations contrasts
dramatically with that of the trace of these equations, the vanishing
of the scalar curvature. In the latter case, the flat tori are isolated
whereas R4 is not. This is a consequence of a linearization instabil-
ity of the trace equation which is not a linearization instability of the
complete EEEs.
1
I. Introduction
When the spatial topology is closed the solution of the (Lorentzian) Einstein equations
(LEEs) is always complicated by the requirement that the solution be consistent with
various integrability conditions associated with the closure of the topology.
An unexpected uniquely perturbative manifestation of these integrability conditions
was discovered twenty one years ago in a pioneering paper by Brill and Deser[1,2,3]: when
the LEEs are perturbed about any spatially closed solution which admits a killing vector
integrability conditions appear at second order in perturbation theory which restrict the
function space of the linear perturbations — the equations suffer from a linearization in-
stability. The important point is that these constraints cannot be derived by examining
the linearized equations alone. Thus, not only is the validity of the linearized theory un-
dermined but the implementation of perturbation theory becomes seriously complicated.
Indeed, the consequences of the linearization instability of the Einstein equations extend
beyond perturbation theory. For they imply the impossibility, even in principle, of identi-
fying the physical phase space of general relativity when the topology is closed [4].
The linearization instability of the LEEs (the subject of Ref.[2]) implies that a flat
three-torus T 3 (corresponding to the spacetime topology T 3 × R) does not admit any
maximal first order metric perturbations that are not also flat. This means that there
are no nearby solutions of the Einstein equations possessing a maximal surface that are
not also flat — the flat tori are isolated with respect to such perturbations. There is no
analogous obstruction to the existence of such spacetimes when space is open and the
asymptotically flat boundary conditions which are then appropriate are imposed. The
closed spatial topology in this case severely limits the possible nearby solutions of the
LEEs.
Intuitively, one might expect the analogs of the integrability conditions exhibited in
the Lorenzian theory to be even stronger in the Euclidean theory and all the more so when
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the four-topology is closed. This is because the Euclidean Einstein equations (EEEs) we
are now solving are elliptic, not hyperbolic, and we would expect additional integrability
conditions to be associated with the sewing up of the topology in the timelike direction.
Indeed, the solution space of the vacuum EEEs with a fixed closed topology is typically
found to be finite dimensional[5].
This intuition is not, however, as sound as it might appear because there are also
preciously few asymptotic flat solutions with simple topology. To begin with, the unique
solution with R4 topology is flat R4[6]. Any other asymptotically flat instanton must be
topologically non trivial. Neither is there any not-flat solution with topology R3×S1[7,8].
In both cases, the key component underpinning the proof is the positivity of the ADM
mass. There are also good reasons to believe that the only solutions with topology R2×S2
are the one-parameter family of Schwarzschild instantons corresponding to a positive ADM
mass. We must conclude that the finite dimensionality of the solution space of the EEEs
is not a unique feature of closed topologies. Asymptotic flatness can be an even more
restrictive boundary condition than closure on solutions of the EEEs.
In this paper we examine the EEEs perturbatively with a view to identifying the
source of this apparent disregard for topology. We begin in sec.II by contrasting pertur-
bation theory about two flat solutions of these equations, flat R4 with asymptotically flat
boundary conditions — open in all directions, and a flat four-torus T 4 which is completely
closed.
The only allowed perturbations of flat T 4 are perturbations moving us about the ten
parameter family of globally inequivalent flat T 4s[9]. In fact, we can show that modulo
these, perturbations vanish to all orders in perturbation theory. There do not appear,
however, to be any obstructions on T 4 limiting the solution of the full EEEs to one of
these flat solutions. Such solutions are strictly perturbatively isolated from the given flat
solution. This contrasts with the open topology where the flat solution is unique.
The four-tori are the Euclidean analogs of the flat spacetimes with topology T 3×R in
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the Lorenzian theory. One might therefore have expected some analog of Brill and Deser’s
linearization instability to show up. However, linearization instability plays no role in
establishing the isolation of flat tori. No (non-trivial) first order pertubations survive the
integrability conditions operating at that order in the Euclidean theory. If we had, however,
failed to recognize these conditions at first order, the integrability conditions appearing at
second order would have mopped up the spurious solutions resulting from our oversight.
To provide a heuristic argument why one would expect linearization instability to
play a diminished role in the Euclidean Einstein theory, in sec.III we examine briefly
what happens to the linearization instability of the Lorenzian theory studied by Brill and
Deser when the signature of the spacetime metric is made Euclidean. What occurs is that
the quadratic form in first order quantities which appears at second order in perturbation
theory is no longer positive definite. The result is that the associated integrability condition
is a much weaker one.
In sec.IV we examine a subset of the vacuum EEEs, the vanishing of their trace (the
scalar curvature). Now, every solution of the full theory is clearly also a solution of this
truncated theory but not conversely. However, unlike the full EEEs, this single equation
does suffer from a linearization instability which kills all non flat TT perturbations of any
flat T 4. One does have to proceed to second order in perturbation to see this. The analogs
of these perturbations satisfying asymptotically flat boundary conditions not only survive
on R4 but are freely specifiable. The essential difference between the EEEs and the trace
equation in this context is that solutions of the latter equation do not necessarily satisfy
the positive mass (action) theorem which is a property of the full Einstein equations and
not of any proper subset thereof.
This result has a simple application. If linearization instability kills a perturbation
in the truncated theory it clearly also kills it in the full theory whether or not the full
theory itself suffers from a linearization instability. We exploit this reasoning to prove the
perturbative isolation of the EEEs coupled to matter with a trace negative stress tensor.
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II. Euclidean Einstein Equations: R4 vs. T 4
Let us begin by examining the ingredients contributing to the perturbative isolation
of flat instantons in greater detail. We decompose the metric about the flat background
gab = δab + ǫhab + ǫ
2jab +O(ǫ3) . (1)
The symmetric tensor hab (jab, · · ·) can be decomposed as follows
hab =h
t
ab
+ ∂ah
L
b
+ ∂bh
L
a
=hTT
ab
+
1
3
(δab∆− ∂a∂b)hT + 1
4
δabCh + ∂ah
L
b
+ ∂bh
L
a
,
(2)
where ∆ ≡ ∂a∂a. The first line represents the decomposition into a transverse compo-
nent ht
ab
and a longitudinal component characterized by a vector, hL
a
. The divergence of
hab determines h
L
a
up to an irrelevant killing vector of the background geometry. On the
second line, the transverse component is itself decomposed into a transverse traceless com-
ponent, hTT
ab
and a remainder characterized by the scalar hT and the constant Ch, which
is transverse by construction. The constant mode (which only appears when the topology
is closed) is the spatial average of htaa,
Ch =
1
V
∫
dV ht aa . (3)
At first order the Ricci tensor is given by
R
(1)
ab
=
1
2
(−∂a∂bh−∆hab + ∂c∂bhca + ∂c∂ahcb) . (4)
The linearized trace equation
R(1) = −∆h+ ∂a∂bhab = 0 (5)
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is identically satisfied by hTT
ab
, hLa and Ch. It reduces therefore to an equation determining
hT :
∆2hT = 0 . (6)
The only solution of Eq.(6) consistent with the open topology is hT = 0; with the closed
topology, hT = constant. This constant can, however, safely be dropped as it does not
contribute to hab. It is a special feature of perturbations about flat space that the equa-
tion R(1) = 0 can be solved without reference to any gauge conditions. More generally,
the equation will not be tractable until gauge conditions freezing the diffeomorphism in-
variance of the theory are specified and the resulting equations solved simultaneously. The
appropriate variables to gauge fix are hL
a
. We choose the four gauge conditions
hLa = 0 . (7)
In perturbation theory, it is obvious that the ‘natural’ gauge choice is just the gauge, (7).
After gauge fixing, we are left with the unconstrained variables hTT
ab
and Ch.
The perturbed tracefree vacuum EEEs are now given by
∆hTT
ab
= 0 , (8)
which is Laplace’s equation for each hTT
ab
. We should have anticipated that the linearized
Euclidean equations would assume the form (8): The Laplace equation is nothing other
than the analytic continuation of the wave equation we obtain when we linearize the Loren-
zian Einstein equations. The only everywhere regular solution consistent with asymptoti-
cally flat boundary conditions hTT
ab
∼ O(r−1) on R4 is hTT
ab
= 0; in the case of T 4 the ap-
propriate boundary conditions are periodic conditions on R4 treated as the universal cover
of T 4. The solution is a linear combination of the 9 constant TT-perturbations. With Ch,
these make up a ten parameter family of metric perturbations of T 4. The Riemann cur-
vature vanishes on any of these perturbations. These solutions are the perturbative relics
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of the ten dimensional space of parameters characterizing the global geometry of flat T 4’s.
These parameters can be taken to be the lengths of the four homotopically inequivalent
closed minimal curves on T 4 and the six angles between them. We therefore can conclude
that the only allowed infinitesimal physical (non-diffeomorphism) metrical deformations of
T 4 are changes in this parameter space. These deformations survive because the EEEs do
not distinguish between globally inequivalent flat spaces with the same topology. We note
that
Ch = 2
δV
V
,
when hT = 0 and hL
a
= 0 and therefore corresponds to a change of volume. This can be
constructed from an appropriate linear combination of the ten parameters.
At second order, note that the contribution to R
(2)
ab
due to hab is given by [10]
R
(2)
ab
=
1
2
[
1
2
∂ah
cd∂bhcd + h
cd(∂a∂bhcd + ∂c∂dhab − ∂b∂dhac − ∂a∂dhbc)
+ ∂dhb
c(∂dhac − ∂chad)− (∂dhcd −
1
2
∂ch)(∂bhac + ∂ahbc − ∂chab)
]
.
(9)
This term acts as a source for the second order perturbation, jab. However, hab is zero
(constant) so that jab and all higher orders vanish (are also constants).
III Linearization Instability: LEE’s vs. EEEs
The isolation of the flat tori as solution of the the EEEs is not a consequence of a
linearization instability in these equations. Indeed, if there is any linearization instability
in the EEEs associated with the closure of the topology there are good reasons for believing
that it is not as severe as the linearization instability in the corresponding Lorenzian theory.
As a justification for this claim consider a Euclidean retreatment of Brill and Deser’s
perturbative ADM analysis of the three-dimensional flat torus with spacetime topology
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T 3 × R. In the corresponding Euclidean problem with the same topology, the change
in the spacetime signature manifests itself in a change of sign of the extrinsic curvature
quadratic in the Hamiltonian constraint[10]. Eq.(5.4) of Ref.[2] gets replaced by (also see
below)
∆2jT − (πTT ab)2 + 1
4
(~∂hTT
ab
)2 + divergence = 0 . (10)
The linearization instability (if there is one) is realized by integrating this equation over
the closed spatial volume. The divergence terms involving both first order and second
order quantities now vanish. We get
∫
dV
[
(πTT ab)2 − 1
4
(~∂hTT
ab
)2
]
= 0 . (11)
The Euclidean constraint Eq.(11) is considerably weaker than its Lorenzian counterpart
(where the sign of (~∂hTT
ab
)2 is reversed). In the latter case the positive definiteness of the
quadratic in πTT ab and hTT
ab
implied the extremely stringent condition πTT ab = 0 = ∂ch
TT
ab
on the first order perturbations.1
IV Perturbations of Zero Ricci Curvature vs. Perturbations of Zero Scalar
Curvature
The way we solved the perturbative vacuum EEEs was to first solve the non-linear
elliptic equation,
R = 0 , (12)
1 We are ignoring the fact here that if we consider the full set of linearized EEEs,
both πTT ab and hTT
ab
vanish at first order. Therefore Eq.(11) is not a manifestation of a
linearization instability.
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perturbatively. Flat R4 admitted non trivial perturbative solutions, any hTT
ab
consistent
with asymptotically flat boundary conditions was a solution (it was the remaining nine
tracefree equations which annihilated them as solutions of the EEEs). What is surprising
therefore in light of this is that the flat T 4’s do not admit non-flat perturbative solutions of
Eq.(12). This is a consequence of a genuine linearization instability of the single equation,
Eq.(12).
To see this, we note that Eq.(12) on any space with T 4 topology is exactly the super-
Hamiltonian constraint in five dimensional general relativity on a momentarily static slice
through a spacetime with topology, T 4×R. This means that the problem has been conve-
niently reduced to a special case of Brill and Deser’s analysis (stepped up one dimension)
and we can exploit the techniques used in Refs.[1] and [2]. For completeness, however, and
for the purpose of making various observations we will reproduce some of the details.
We note that in two dimensions, the only solutions to Eq.(12) are flat. In all higher
dimensions, however, this equation admits non-flat solutions. The existence of non-trivial
solutions to this equation assures us that the perturbative isolation we discuss is not merely
a rediscovery of a non-perturbative isolation which is rendering the closed flat solution
unique in any case.
To examine Eq.(12) perturbatively we expand the metric about the flat background
δab in the manner of Eq.(1). The game is to identify integrability conditions which appear
at each order in perturbation theory which kill perturbations of the preceeding order. For
the purpose of simplifying the statement of these perturbative integrability conditions, it is
more convenient to consider perturbations of the density,
√
gR. Let us first recall various
elementary properties of the density,
√
gR. Corresponding to any first order local variation
of the metric, gab → gab + δgab
δ [
√
gR] = −√gGabδgab +√ggabδRab . (13)
The important point is that the second term is a divergence. This feature will be extremely
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useful in that it enables us to isolate divergences in the perturbative expansion of
√
gR. In
the absence of boundary surfaces, these divergences will be killed when we integrate over
the manifold.
Let us denote the nth order perturbation in
√
gR by
(√
gR
)(n)
. In particular, at the
first order in perturbation theory about flat space the first term on the RHS of Eq.(13)
vanishes and
(√
gR
)(1)
is the divergence appearing in Eq.(5). As before, the solution to(√
gR
)(1)
= 0 is (without any loss of generality) hT = 0. We fix the gauge as before with
Eq.(7) and we are left with the unconstrained variables hTT
ab
and Ch.
When we proceed to the next order of perturbation theory, an integrability condition
will appear which completely kills hTT
ab
when the space is closed. Let us examine the
second order equation
(√
gR
)(2)
= 0 a little more carefully to see how this comes about.
To simplify the evaluation of (
√
gR)(2), we express the second order variation in the form
δ2 (
√
gR) = −δ (√gGabδgab)+ δ(√ggabδRab) . (14)
What makes things simple is that the divergence term will remain a divergence under the
second variation. Thus δ(
√
ggabδRab) is another divergence. Therefore, at second order
(
√
gR)
(2)
= −
(
hab − 1
2
hδab
)
R
(1)
ab
+ divergence , (15)
where the first order perturbation in the Ricci tensor is given by Eq.(4). We note that,
modulo the divergence, the second order perturbation in the density is independent of the
second order perturbation in the Ricci tensor, R
(2)
ab
.*
We can continue in this way to conclude that
(√
gR
)(n)
involves only the preceeding
order perturbation in the Ricci tensor. Consultation of Eq.(9) should be sufficient to
appreciate the value of grouping terms this way. We have not explicitly written down the
* This device was exploited in Refs.[1] and [2] although its potential was never empha-
sized there.
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contributions due to the second order perturbations, jab which appear at second order.
It is however a simple matter to incorporate them at this level. The contribution to the
density at second order will be the corresponding first order expression with hab replaced
by jab. Thus the second order contributions due to jab is the divergence appearing in Eq.(5)
with hab replaced by jab. This is an important yet scarcely explored feature of perturbative
canonical Einstein gravity (in a technical sense, it is the origin of the linearization instability
constraint). The second order constraint equation is
∆2jT +
1
4
(~∂hTTab )
2 + divergence = 0 , (16)
where the divergence appearing in Eq.(16) involves only quadratics in first order pertur-
bations. Only the jT component of the second order metric perturbation, jab appears.
Eq.(16) is therefore an equation for jT with source consisting of terms quadratic in first
order quantities. The remaining components of jab remain undetermined at second order.
Ch does not appear in the equation. Because the space is closed, the integral of Eqs.(16)
over the spatial volume yields the constraint (linearization instability) on the first order
perturbations:
∫
dV (~∂hTT
ab
)2 = 0 . (17)
The first order transverse traceless perturbations must therefore, as before, be constants.
The only perturbations which survive are the perturbations corresponding to the ten pa-
rameters discussed above.
The two essential features contributing to the result we have established are that the
background space is both closed and flat. There is no corresponding result when space
is open and flat. If the background is not flat, jab will appear in terms other than the
divergence. These terms survive the integration over the volume of space, and the equation
corresponding to Eq.(17) no longer represents a constraint on the first order perturbations.
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At higher orders in perturbation theory the pattern will be repeated with constraints
appearing on the higher order perturbations killing all but the ten constant deformations
discussed earlier. It is therefore impossible as before to perturb away from a flat solution.
This differs from the corresponding result for the full EEEs is that the obstruction here
can be attributed to topology.
V. An Application
If a linearization instability kills a perturbation in the truncated theory it clearly also
kills it in the full theory whether or not the full theory itself suffers from a linearization
instability. This reasoning can be exploited to prove that the flat tori are isolated as
solutions of the EEEs coupled to matter with a trace-free stress tensor (in particular, the
vacuum theory considered in sec.II)
T aa = 0 . (18)
Such a stress tensor corresponds to a conformally invariant material field. The trick is to
note that whenever Eq.(18) holds any solution of
Gab = 8πTab (19)
also satisfies Eq.(12). It is also clear using an identical argument to that presented in
Ref.[1] with the energy density replaced by T aa that this result also goes through under
the weaker condition that T aa (R) be negative (positive) definite.
We stress that it is incorrect to conclude from this that the flat tori are isolated in this
way because of a linearization instability of the complete EEEs. The linearization insta-
bility we have exploited is that of the single traced equation. The linearization instability
in this subset of the field equations does, however, eliminate the necessity to consider the
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remaining equations. The trade off is that one needs to proceed to second order in pertur-
bation theory. Whether this is a peculiarity of perturbation theory about flat solutions or
can be exploited in other contexts remains to be seen.
One final comment on the example considered above. Does the addition of the source
of matter considered above in any way change our conclusions for the vacuum theory? To
test if it does one needs to know how flat R4 respond to perturbations coupled to a stress
tensor of the form considered above. The answer is no. For the non-existence result in the
vacuum theory remains valid when the Ricci tensor is positive (in particular, if Tab has a
positive trace)[11].
With a generic source of matter, solutions of the asymptotically flat theory will exist.
On the closed topology, however, they will be subject to integrability conditions.
VI. Conclusions
In this paper, we have examined the dependence on topology of perturbative solutions
of the EEEs about flat instantons. This dependence contrasts dramatically with that of
analogous Lorenzian solutions. Closure, in the Euclidean theory is not necessarily a more
restrictive condition than asymptotic flatness. In particular, linearization instability does
not appear to play the significant role it does in the Lorenzian theory.
The nature of the restrictions associated with the topology appears also to depend
crucially on the elliptic system of equations we are solving. In particular, the solution
space of the EEEs and that of the trace of these equations have very different dependences
on the topology.
It is not clear if physics is sensitive to these topological considerations. In the semi-
classical context, solutions of the Euclidean equations of motions appear as saddle points
in the functional integral formulation of the quantum theory. The prototype is the decay
of the false vacuum calculation in a self-interacting scalar quantum field theory with a true
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and a false vacuum[12]. In the semi-classical approximation, the tunneling amplitude from
false to true vacuum is dominated by an O(4) invariant bounce. However, there are nearby
instantons which are not O(4) invariant [13]. The non-existence of nearby instantons in the
Einstein theory might appear to suggest that the semi-classical approximation to quantum
gravity represents a poor approximation to the exact theory. However, the non-existence
of nearby solutions can only reduce the prefactor of the exponential and therefore cannot
affect the conclusions of the approximation. There is another way in which the approx-
imation might fail, however. For even if an instanton can be found which is consistent
with some given set of boundary conditions, there is no guarantee that a nearby instanton
exists when the boundary conditions are subjected to a small perturbation. In particular,
a tunneling channel provided by a given instanton appropriate to a given set of boundary
conditions might disappear when these boundary conditions are perturbed.
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